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The problem of the motion of an autonomous two-degree-of-freedom Hamiltonian system in the neighbourhood of its equilibrium
position is considered. It is assumed that the characteristic equation of the linearized system has a pair of pure imaginary roots.
The roots of the other pair are assumed to be close to or equal to zero, and in the latter case non-simple elementary dividers
correspond to these roots. The problem of the existence, bifurcations and orbital stability of families of periodic motions, generated
from the equilibrium position, is solved. Conditionally periodic motions are analysed. The problem of the boundedness of the
trajectories of the system in the neighbourhood of the equilibrium position in the case when it is Lyapunov unstable, is considered.
Non-linear oscillations of an artificial satellite in the region of its steady rotation around the normal to the orbit plane are
investigated as an application. © 1998 Elsevier Science Ltd. All rights reserved.

1. FORMULATION OF THE PROBLEM

Suppose the motion of a two-degree-of-freedom system is described by the canonical equations

dq;/di=0H/9dp;, dp;/dt=—-0H/dq; (j=12) (1.1)

We will assume that the origin of coordinates g; = p; = 0 (j = 1, 2) of phase space is an equilibrium
position, while the Hamilton function is independent of t and is analytic in a certain neighbourhood of
the pointg; = p; =0(j = 1, 2).

Suppose the characteristic equation of the linearized system (1.1) has a pair of pure imaginary roots
*iQ (Q > 0). We will assume that the roots of the other pair are close to zero and denote their moduli
by €| % |, where € is a small parameter (0 < € < 1). If the quantity » is equal to zero, we have exact
resonance (one of the frequencies of small oscillations is equal to zero). In this case we assume that
non-simple elementary dividers correspond to the zero roots of the characteristic equation. When
» # 0 we have inexact resonance.

If the resonance is exact, the variables g; and p; can be chosen, using a normalizing transformation
(see [1]), so that in the expansion of the Hamilton function in series, terms higher than the second degree
will depend only on g, and combinations g2 + p3. Below we will consider the case when there are no
terms of the third degree in the normal form of the Hamilton function. This case is not unusual, since
often, for example, the expansion of the Hamilton function in series contains no forms of odd powers
of g; and p;.

In the case of inexact resonance the normal form of the Hamilton function will contain the term 12exg5.

We will assume that normalisation is carried out and, consequently, the Hamilton function in Eqs
(1.1) has the following (normal) form

H=1%8Q(q7 +pl)+%8,0 + hengl +
+1g; + %8(ai + ) a3 + Yio(gl + pf)’ + 05 (12)

In (1.2) the quantities &, and 8, are equal to 1 or -1, v, & and © are constants, and Os is a converging
series, which begins with terms of no less than the fifth power ing;, p; (j = 1, 2). Everywhere henceforth
we will assume that the coefficient y in normal form (1.2) is non-zero.

As shown in [1], in the case of exact resonance when the inequality 8,y > 0 is satisfied, the equilibrium
position g; = p; = 0(j = 1, 2) of system (1.1) is stable, and when 8,y < 0 it is unstable.

One of the aims of this paper is to solve the problem of the existence, bifurcations and orbital stability
of the periodic motions which originate from an equilibrium position. Moreover, we investigate in detail
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the nature of the non-linear oscillations in the neighbourhood of the equilibrium position both for exact
and for inexact resonance.

Note that Lyapunov’s theorem on the holomorphic integral [2] is not applicable to the problem
considered in this paper of periodic motions originating from an equilibrium position when there are
small oscillations of zero frequency. Other resonance cases, when Lyapunov’s theorem is inapplicable,
but the characteristic equation has no zero roots, were investigated earlier (see, for example, [3-6], in
which an extensive bibliography is given).

2. A HIGHER HAMILTONIAN TRANSFORMATION. PRELIMINARY
ANALYSIS OF THE APPROXIMATE SYSTEM

If we drop terms higher than the fourth gower in Hamilton function (1.2), the equations of motion will
have an integral r = To, where 2r = g% + p%,rp = 0 is a constant. We will use the quantity r, as the initial
value of the variable r in the complete system of the equations of motion, when the terms of all powers
are taken into account in the expansion of the Hamilton function in series, and we put ry = € Y[ pq.

Instead of the variables g;, p; (j = 1, 2) we will introduce new canonically conjugate variables ¢, v,
£, 1} using a canonical transformatlon of the form

‘I|=82\/2—75i“(P' P|=*/_2—" cosQ(r=ry+ s%'Yr"P) @1)
92 =328y2 'Y'_yz & p =£'Y|_y2 n
The following Hamilton function corresponds to the equations of motion in the new variables
H=0,Qy +€e2(417 + %06,vE2 +0,E4) + 0() (2.2)
vi=iyl, (v=0), x=x+281yI"p,
0, =6/8,, o0, =38;signy, o©;=25,signy

If we neglect quantities of the order of € and higher in Hamilton function (2.2), we arrive at an
approximate system, which is a set of two oscillators: a linear oscﬂlator with Hamiltonian 6,Qy and a
non-linear one with Hamiltonian which is a set of terms of order €"? from (2.2). This Hamiltonian
contains the constant pg as a parameter.

For a linear oscillator, using (2.1) we have y(f) = 0, ¢(t) = 6,S¢ + ¢(0). The phase diagrams of the
non-linear oscillator for the case when v = 0 are represented in the &, 1 plane in Fig. 1(b) and (e),
where 03 = 1 and 63 = 1, respectively. These diagrams, in particular, illustrate the stability and instability
of the origin of coordmates g; = p; = 0 (j = 1, 2) of initial system (1.1) for exact resonance when
8,y > 0 and 8,y < 0, respectively (here, in the expression for x, we have x = 0, pg = 0).

Suppose now that v # 0. In this case it is convenient to change from the variables ¢, v, &, n to
canonically conjugate variables wy, I, g, p using the formulae

E=vg, n=v2p, ‘I’=V31|, P=w

and also introduce the new time T = vt.

SRENE
25

Fig. 1.
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In the new variables we have
H=0,@], +e(% p* + %0,4" +63¢*)+ 0() (@, =v'Q) 2.3)
The Hamilton function of the non-linear oscillator of the approximate system now has the form
F=e%(4p* +%0,4" +034") (24)
while the corresponding equations of motion become
dgldv=¢"p, dpldi=-£%(0,9+403q°) (2.5)

Consider the equilibrium position g = gq, p = 0 of system (2.5). There is always an equilibrium position
in which gy = 0. This equilibrium is stable if o, > 0 and unstable if 6, < 0.

If 6,05 < 0, then, in addition to the equilibrium gy = 0, p = 0, there are two equilibrium in which
p = 0 while gy = 1/2 or -1/2. These equilibria are stable if 6, < 0 and unstable if 6, > 0.

The phase diagrams of system (2.5) are represented in Fig. 1(a)f) in the g, p plane. In Fig. 1(a)
and (b) the quantity 63 = 1, where 6, = 1 and -1, respectively. In Fig. 1(d) and (f) 03 = -1 while the
value of 6, is again equal to 1 and —1 respectively. The centre-type singular points correspond to stable
equilibria in Fig. 1(a), (c), (d) and (f) while the saddle singular points correspond to unstable equilibria.

3. FAMILIES OF PERIODIC MOTIONS

The periodic motions of the non-linear oscillator of the approximate system correspond to equilibrium
positions. These periodic motions are described by the following formulae in the initial variables g;, p;

=8, 1717 2epysing, p, =ly17 [2ep, cosp(9 = 6,1 +¢(0)) (3.1)

g,=96, 'Yryz vWegg, P =0

Here either gy = 0 or (when 6,65 < 0) gy can take one of three values: 0, 1/2, -1/2.

We will now consider the complete system with Hamilton function (2.3). We will assume that v # 0.
We will show that single-parametric families of periodic motions, analytic in €%, exist in the complete
system, and approach motions (3.1) as ¢ = 0. When 6,03 > 0 there is a single family of periodic motions
and when 6,03 < 0 there are three. The constant of the energy integral or, which is the same thing,
the quantity pg, serves as the parameter of the families.

For the proof we consider the isoenergy level H = ¢, = const. Taking expression (2.3) for H into
account, and the fact that I;(0) = 0, we expand the equation H = ¢» in [;

I =-K=-0,Q]'F+0() (3.2)

where F is function (2.4). The terms in (3.2) that are independent of g, p and w,; are dropped, and O(g)
is a function that is 2n-periodic in w; and analytic in ¢, p and .

On the isoenergy level H = c, the equations have Hamilton form (the Whittaker equations [7]), and
the function X from (3.2) plays the role of the Hamilton function, while the quantity w, plays the role
of the independent variable. These equations have the form

dq/dw, =£"6,Q" p+ O(e)
(3.3)
dp/dw, = -£%26,Q7 (G, + 40:¢°) + O(€)

We will find a solution of system (3.3) that is 2n-periodic in w,. We will seek it in the form of the
series

Wz

'zq(l) 2)

g=qo+e%q" +egP+.., p=e/pV 1@+ . (3.4)

Substituting the series into (3.3) and equating terms of like powers of €2, we obtain differential
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equations for the coefficients q®, p®. For ¢V, p» we have the equations
dgM1dw, =0, dp™/dw, =0

The general solution of these equations is g = ¢\, p® = d®. The constants ¢, d? are determin-
ed at the next step when finding the 2n-periodic solution of the equations for g, p

dg? 1dw, =6,27'dV + QP (w,) (3.5)
dp® 1 dw, = —6,Q;' (0, + 126342 )¢ + PP (w))

where 0@, P@ are 2n-perjodic functions not containing ¢V, 4.

For the periodicity of q(z), p@ it is necessary and sufficient to choose ¢®, dV 5o that there are no
constant terms in the expansions of the right-hand sides of Eqs (3.5) in Fourier series. The quantity
0, + 120,43 from the right-hand side of the second of Eqgs (3.5) is equal to 6, when g, = 0 and 20,
when gy = £1/2. Hence, in view of the assumption v # 0 and the notation from (2.2) it follows that
this choice of ¢, dV is always possible. Hence, we obtain from (3.5) that g9 = +c?, p(z) =g?
+ d(z), where ﬂz) and g(z) are 2n-periodic in w; while ¢@, d® are constants determined at the next step.

The process can be continued. For sufficiently small €, series (3.4) converge [8] and are 2r-periodic
functions of wy, containing p, as the parameter.

The dependence of w; on 7 is found from the equation dw,/dt = dH/dl, = 6,2; + O(g). The period
of the solutions with respect to ¢ is equal to the time interval during which w, increases by 2x. It tends
to 2n/Q as e — 0.

Periodic motions from these families, for which the singular saddle points in Fig. 1(a)~(f) correspond
as € — 0 are orbitally unstable for fairly small €; this follows from the continuity of the characteristic expon-
ents in €. As will follow from that is said below (see Section 4), periodic motions from the families to which
centre-type singular points correspond as € — 0 in Fig. 1(a)(f) for sufficiently small €, are orbitally stable.

The conclusions reached give a clear picture of the bifurcations of the periodic motions in the
neighbourhood of the origin of coordinates g; = p; = 0 (j = 1, 2) of initial system (1.1) as a function
of the coefficients of the normalized Hamiltonian (1.2).

We will first consider the case of exact resonance (x = 0). If 8,y > 0 (the origin of coordinates is
stable), then, when 8,8 > 0, a single family of periodic motions is produced from the origin of coordinates,
which are orbitally stable; these motions depend on ry as on the parameter and as ry — 0 transfer into
an equilibrium position g; = p; = 0 (f = 1, 2) (Fig. 1a). If §,y > 0, while 8,6 < 0, three families of periodic
motions are produced from the origin of coordinates: one is orbitally unstable while two are orbitally
stable: these families “collapse” into the origin of coordinates when ry — 0 (Fig. c).

If 8,y < 0 (the origin of coordinates is unstable), while 8,8 > 0, three families of periodic motions
are also generated from the origin of coordinates, but now one is orbitally stable while two are unstable
(Fig. 1d). If, when 8,y < 0 we have 8,8 < 0, one family of orbitally unstable periodic motions is produced
from the unstable origin of coordinates (Fig. 1f).

Suppose now that the resonance is not exact (x # 0). A clear representation of the families of periodic
motions, generated from the origin of coordinates g; = p; = 0 (j = 1, 2), can again be obtained from
Fig. 1(a)—(f). When 8,y > 0 Fig. 1(a) will be the illustration (the case 8y < 0, when a single family of
orbitally stable motions is generated), and Fig. 1(c) (the case §,) < 0, when a single family of unstable
motions and two families of stable motions are generated). The evolution of the bifurcation pattern
when pg changes in the case of equal signs of the quantities » and & is of interest. Suppose, for example,
8, > O while x < 0, 8 > 0. Then, the orbitally stable family of periodic motions, uniquely generated
from the origin of coordinates g; = p; = 0 (j = 1, 2) loses stability as p, increases, and at the instant
when stability is lost (when py = x| y|| 238 [) two orbitally stable families branch off from it (Fig. 1a
changes into Fig. 1¢). If §, > O while x < 0, d < 0, then, conversely, as pg increases the unstable family
of periodic motions become stable, while the two stable families disappear (Fig. 1c becomes Fig. 1a).
The case &, < 0 can be considered similarly.

The case 8,y < 0is illustrated in Fig. 1(d) (8;) > 0; three families of periodic motions are generated:
one is stable and two are unstable) and Fig. 1(f) (8, < 0; one unstable family is generated). Here, in
the case of different signs on the quantities x and §, such an evolution of the bifurcation pattern will
occur as pg changes: when &, > 0, » > 0, 8 < 0 the unstable families will disappear as p, increases,
while the unstable families will become stable (Fig. 1d becomes Fig. 1f); when 8, > 0 and x > 0, & >
0 the pattern is the opposite: the unstable family becomes stable and two unstable families branch off
from it (Fig. 1f becomes Fig. 1d). The case 8, < 0 is considered similarly.
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4. CONDITIONALLY PERIODIC MOTIONS

We will consider in more detail the nature of the non-linear oscillations in the neighbourhood of an
equilibrium position g; = p; = 0 (j = 1, 2) of system (1.1). Confining ourselves to the case when
v# 0, we will investigate the transformed equations of motion with Hamilton function (2.3).

We will first consider the approximate system. In this /;(t) = 0, and the variables g and p satisfy Eqs
(2.5). These equations have the integral f = h = const, where F is function (2.4). The phase patterns
are shown in Fig. 1(a)—(f). Below we consider four cases, when there are regions on the phase patterns
filled with closed trajectories. The standard notation is used: k is the modulus of the elliptic functions
and integrals, and K and FE are the complete elliptic integrals of the first and second kind, respectively.
For convenience we will also introduce the following notation

h=£"a/16, b=+T+a, c=+1-a, e=(b-1)%/2
o =(1-bY212, c,=(0+b)%12, e =(1-0)%12, e,=(1+c)% /2
1. The case o3 = 1, 0; = 1 (Fig. 1a). Here a = 0. When a = 0 we have the equilibrium g = p = 0 of

system (2.5). The case @ > O corresponds to oscillations in the neighbourhood of this equilibrium. Here
—e < g(7) < e. If we assume that g(0) = —e, we have

g=—-ecn(\Jebt,k), k2=(1-b7")/2

The oscillation frequency (with respect to 1) is calculated from formula @ = nV(eb)K /2.
When a > 0, we can introduce the “action-angle” variables I, and w, [9]. Calculations show that

I(a) = (6m) 6”2[(b+ 1)K - 2E] (4.1)

Invertmg the function (4.1), takmg the above notation for @ and b into account, we obtain
h(ly) = e"*HY(I,), where © = £?0H")/3L,. In a small neighbourhood of the point g = p = 0 (where
0 < a < 1) the following expansions hold

w=e%( +T3ga+...), h=e"(1, +%1§ +..)

Everywhere m the region of oscillations (a > 0) the function h(l;) satisfies the non-degeneracy
condition d*h/dI% # 0. In fact, calculations show that

d*H" _ en’l,
i} avbK?

Hence, the non-degeneracy of A follows from the equality & = ¢?H®,

2. The case when o3 = 1, 0, = -1, -1 < a < 0 (the region of oscillations in Fig. Ic). When 03 = 1,
o, = -1 the quantity a satisfies the inequality @ = —1. If @ = -1, we have the equilibrium g = 1/2,
p=0o0rq=-1/2,p = 0. When -1 < a < 0 oscillations occur in the neighbourhood of these equilibria.
We will consider them in more detail, confining ourselves, for example, to the case of oscillations in
the neighbourhood of the equilibrium g = 1/2, p = 0. Then ¢, < g(1) < c;, where

g =c,dn(~2ec,T,k), k% =2b(1+b)™
The oscillation frequency @ = nV(2€)c,K . The action variable is calculated from the formula
I =V2(6m)" ¢y (E - 4c2K)

In a small neighbourhood of the equilibrium we have
o=+2e(1- %(a+ D+..), h= «/E(—%hlilz -3 +..)

Everywhere in the region -1 < a < 0 the function k(l,) = el’zH(l)(Iz) satisfies the non-degeneracy
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condition, since
dZH(l) _ 6&1‘30212
dr; ct(a+1K>

The case a = 0 corresponds either to the equilibrium g = p = 0 or to trajectories doubly asymptotic
to it—separatrices which, in Fig. 1(c), distinguish regions of oscillations in the neighbourhood of the equili-
bria g = +1/2, p = 0 from regions of rotation, in which the trajectories encompass all three equilibria.
In the region of oscillations, the frequency decreases as one ap;l)roaches the separatrice, and in suffi-
cient proximity to the separatrice, where 0 < —a < 1, @ = —2nel? In"'(-a).

3. The case o3 = 1, 6; = =1, a > 0 (the region of rotations in Fig. Ic). Here

q=—Cy cn(@r,k), k= yAu +b™

o =1Veb(2K)", I, =(3n) b2 (26*K + E)
d’H"  en’l,
>0
diZ  aJbK?

In the region of the separatrice, where 0 < a < 1, we have ® = -ne'? In"'a.

4. The case 03 = -1, 6; = 1, 0 < a < 1 (the region of oscillations in Fig. 1d). When 63 = -1, 0, =1
and a = 0 we have the equilibrivm g = p = 0, and when a = 1 either the equilibriumg = *1/2,p =0
or a doubly asymptotic trajectory connecting them—a separatrice. When 0 < a < 1 we have a region
of oscillations in the neighbourhood of the equilibrium g = p = 0. In the region of oscillations

g=e sn(ﬁgez't,k), k* = (1-c)(d +c)_l
o =72ee,(2K)"', I, =(3n) ' V2e,(E-cK)

d*HY  3\anleyl,
di? 4el(1-a)K?

In the region of the equilibrium g = p = 0 the following expansions hold
w=£'/2(l-——3—a+ ) h=£%(12—3122+ )
16 2

while in the region of the separatrice ® = -nV(2¢) In"}(1 - a).
We will now consider the complete system with Hamilton function (2.3). For each of the four cases
considered in “action-angle” variables I, I, wy, w,, we have

H= H(O)(ll)+EyzH(l)(12)+sH(2)(ll,lz,wl,Wz,s%), H(o) =GIQIII (4-2)

The function H® (I,) in each of cases 14 is defined above. In the regions of oscillations and rotations
considered the function (4.2) is 2n-periodic in w; and w, and analytic with respect to its arguments.
Here, we have the case of natural degeneracy [10], since when € = 0 Hamilton function (4.2) depends
on only one of the action variables.

As follows from the above results, Hamiltonian (4.2) satisfies the conditions

aH(O) 40 aH(l) azH(l)

20, ———=z0
al, ol, ol;

Hence it follows from {10, 11] that in the complete system (in the regions considered in cases 1-4)
the motion for the majority of the initial conditions w111 bc conditionally periodic with frequenc1es (with
respect to £) Q and v, ®; only a fraction O(exp(—d:€~1%)), d; > 0 — const of phase space is not filled
with conditionally periodic trajectories.

In this case, for all the initial conditions, the values of Ii(t) (j = 1, 2) in the complete system for all
t are close to their initial values: |[(¢) - I; (O)|<dze (d, = const)
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Hence, follows, in particular, the orbital stability of the periodic motions from the families, to which
as € — 0 centre-type singular points in Fig. 1(a)-(f) correspond (see Section 3).

5. NOTE

Suppose we have exact resonance, i.e. in (1.2) % is equal to zero. Then [1] when the inequality
3,y < Ois satisfied the equilibrium g; = p; = 0 (j = 1, 2) of system (1.1) is unstable. It turns out, however,
that if the coefficient y and & of the normal form of the Hamilton function (1.2) have opposite signs,
then, despite the instability when 8,y < 0 of the equilibrium g; = p; = 0 (j = 1, 2) of system (1.1), its
trajectories, beginning fairly close to the equilibrium and sucﬁ that ry # 0, for all  may remain in as
small a neighbourhood of the equilibrium as desired.

In fact, the case » = 0, 8,y < 0, ¥d < 0 is illustrated in Figs 1(d) and (e), where ro # 0 and ry = 0,
respectively. It follows from the results of the previous section that if 8,y < 0 and ¥ < O (i.e.
03 = -1, 6, = 1) and at the initial instant ¢ = 0 we have g3(0) + p3(0) = 2ry# 0 (0 < ry < 1), then
for all ¢+ > 0 the value of r is close to ry while g2(t) and p,(¢) are as close as desired to the origin
of coordinates if the quantities | g2(0) |, | po(0) | are sufficiently small. More exactly, the inequalities
Lg2(®) | < 18/C2y) 1" 1y, | pa(e) 1<1 8/(2y) V% rg will be satisfied for all # > 0. These inequalities follow
from the estimates of the dimensions of the region of oscillations in Fig. 1(d).

To illustrate the above, consider the following model example. Suppose a heavy point mass moves over a fixed
absolutely smooth surface, which differs only slightly from a cylindrical surface with a horizontal generatrix. We
will choose the scale so that the point mass, the acceleration due to gravity and the non-zero curvature of the surface
at the equilibrium position of the point are equal to unity. We will refer the motion to a fixed system of coordinates
xyz, the z axis of which is directed vertically upward. We will specify the surface by the equation

wxy) =Y +x%y? -yt

The equations of motion of the point can be written in the form

F+(E+D)z, =0, §+(F+Dz,=0

The origin of coordinates x =y = 0 is an equilibrium, and this equilibrium is unstable. In fact, one can verify that
the equations of motion allow of particular solutions for which x(f) = 0, while y(z) satisfies the differential equation

(1+16y5)5+48y3y% —4y3 =0 (5.1

These particular solutions describe the motion of a point mass in the vertical planeyz along an absolutely smooth
curve z = —*. For all the solutions of Eq. (5.1), apart from y(¢) = 0 we have | y(t) | > « if t — . Hence, it follows
that the equilibrium x = y = 0 is unstable.

However, the point mass for all f can remain in a small neighbourhood of the equilibrium x = y = 0, if its motion
begins fairly close to the origin of coordinates with a small initial velocity, where x2(0) + %*(0) # 0.

In order to show that this assertion is true, we will obtain the normal form of the Hamilton function. Introducing
the generalized momenta p, and p, in the usual way, we obtain that in the neighbourhood of an equilibrium

2_ .4 2.2
H=Y(p+ph)+ Vox? +x%y? —y* = fx’pi + O
where O is a convergent series in powers of x, £, p, and p,, which begins with a term no less than the sixth power.
Exact resonance occurs, since one of the frequencies of the small oscillations is equal to zero. Here non-simple

elementary dividers correspond to the corresponding zero roots of the characteristic equation. The quadratic part
of the Hamilton function (6.3) has a normal form. Fourth-power terms can be normalized using univalent canonical
replaclement of the variables x, y, p,, p, - ¢1, 42, p1, P2, specified by the following generating function

S=xp|+yp2+ 54

1
Ss=1c(Fpi- 4x2ypy +8xy%py —xp} —4xp pF +4ypip2)

We write the Hamilton function, normalized up to terms of the fourth power inclusive, in the form

2 242
H=Y%(qt +pR)+ %3 — g3 + Yo (al + pP)ad ~1116(q} + pt)* + 05

Hence, in (1.2) we have §; = 1, y = ~1, § = 1. Taking into account the form of the replacement of variables
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X, ¥, Po Py = 41, 42, 1, P2 it therefore follows that the above assertion regardmg the limited nature of the motion
of the point in the neighbourhood of its unstable equilibrium x =y = 0 is true.

6. THE PERIODIC MOTIONS OF AN ARTIFICIAL SATELLITE CLOSE
TO ITS STEADY ROTATION

We will consider the motion of a dynamically symmetric artificial satellite—a rigid body—about its
centre of mass in a circular orbit. Suppose OXYZ is an orbital system of coordinates with origin at the
centre of mass of the satellite (the OZ axis is directed along the radius vector of the centre of mass,
and OX and OY are directed along the transversal and binormal to the orbit, respectively), while Oxyz
is a system of coordinates, rigidly connected to the satellite, formed by the principal central axes of
inertia (the Oz axis is directed along the axis of symmetry of the satellite). We will specify the orientation
of the connected system of coordinates with respect to the orbital system using the Euler angles v, 6,
¢. We will denote the corresponding generalized momenta by py, pe, p.

Suppose A4 and C are the equatorial and polar moments of 1nert1a of the satellite while @y is the average
motion of the centre of mass in the orbit. The coordinate ¢ is cyclical, and hence p, = CQq = const,
where € is the projection of the angular velocity of the satellite onto its axis of symmetry.

We know [12], that for any Qo the equations of motion allow of the solution y = &, § = =/2,

= pe = 0. For this solution the axis of symmetry of the satellite is perpendicular to the orbit plane,
w‘fﬁle the satellite rotates around the axis of symmetry with an angular velocity Q. The solution of the
problem of the stability of this steady rotation of the satellite depends on two dimensionless parameters
o B, (o = C/A, B = 8y/wy).

This problem has been investigated in detail (see [12-14] and the bibliography given there). In parti-
cular, stability along the curve off ~ 1 = 0 (when 2/3 < o < 2) and along the curve aff + 3a-4 =0
(when 0 < o < 2) was investigated in [13]. These curves separate regions of stability and instability in
the a, f plane; for values of a.and B belonging to these curves, the characteristic equation of the linearized
equations of perturbed motion has a pair of pure imaginary and a pair of zero roots, to which non-
simple elementary dividers correspond. It was shown in [13] that on the curve af — 1 = 0
when 2/3 < o < 1 steady rotation is unstable, while when 1 < a < 2 it is stable. On the curve
off + 3a—4 = 0when 0 < & < 1 and 4/3 < o =< 2 there is stability, and when 1 < o < 4/3 there is
instability.

Basing ourselves on the results obtained in Sections 2-4, we will consider the periodic motions of
the axis of symmetry of the satellite in the neighbourhood of the normal to the orbit plane for values
of the parameters o and B lying on the above-mentioned boundaries of the stability regions or close to
them. To do this we must obtain the normal form (1.2) of the Hamiltonian of the perturbed motion.

If we introduce the perturbations Q; and P;, by putting

9=1I:/2+Q|, \|I=TC+Q2, pe =A(.00P, pw-—'Amon

the Hamilton function of the perturbed motion can be written in the form of a series, in which there

are no forms of odd powers in O, P; (j = 1, 2).
Suppose aff ~ 1 = €Ay, A; = s1gn((xB - 1). Then, as calculations show, in normal form (1.2) we
have

8 =1, & =sign(a-1), Q=+3c-2+0)
%x=3A1a-1Q72+0(), v=9/8a-1)2Q*+0(€) (6.1)
=-27/48,(0.—1)2Q7 + O(¢)
If of + 30— 4 = €Ay, A; = sign(aP + 3o — 4), the coefficients of normal form (1.2) will be
3 =1, 8,;=-sign(a-1), Q=v9a?-15a+7+0(¢)
%=3A, - 11Q7% +0(e), ¥=9/8(c—1)*(4-3)Q™* + O(€) (6.2)
8=9/48,(a-1)}(720% — 11 1a+ 44)Q° + O(E)

Expressions (6.1) and (6.2), using the results obtained in Sections 24, give a detailed picture which
describes the form of the non-linear oscillations of the axis of symmetry of the satellite close to the
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normal to the orbit plane for values of the parameters o, B, lying in the neighbourhood of curves
af —1 = 0and (aB + 3a — 4). For brevity we will only consider the case of exact resonance (i.e. when
A; = 0and A; = 0in (6.1) and (6.2)).

From curve aff — 1 - 0 and 2/3 < o < 1 (where the steady rotation is unstable) there is one family
of orbitally unstable periodic motions with a period close to 2n/Q (Fig. 1f); if 1 < o < 2 (when the
steady rotation is stable), two families of orbitally stable periodic motions and one orbitally unstable
motion exist (Fig. 1c).

On the curve aff + 3a0—4 = Owhen 0 < o < 1 and 4/3 < o < 2 (where the steady rotation is stable)
there is one family of orbitally stable periodic motions (Fig. 1a). If 1 < o < 4/3, there are two families
of orbitally unstable periodic motions and one family of orbitally stable periodic motions (Fig. 1d).
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